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Abstract
We analyze and interpret recent optical experiments with semiconductor quantum
dots. We derive a quantitative relation between the amount of information trans-
ferred into the environment and the optical polarization that may be observed in a
spectroscopy experiment.
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1 Introduction
The fundamental difficulty in sustaining the coherence of a quantum system is
its interaction with the surrounding world. In the course of joint evolution of
the system and its environment, this interaction establishes phase correlations
between the former and a macroscopic number of degrees of freedom of the lat-
ter. For most states, such correlations perturb and eventually erase the internal
phase information of the quantum system turning a non-classical superposi-
tion state into a mixture of a small subset of classicaly allowed states. This
effect is known as decoherence or dephasing and seems to be one of the most
fundamental aspects of the quantum theory [1,2]. It is also of importance for
certain practical tasks, like quantum computing [3], where maintaining system
coherence over many control operations is indispensable.
Once the quantum correlations (entanglement) between the system and its
environment have been created, a measurement on the environment may, in
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principle, yield information on the system. Thus, one may say that a cer-
tain amount of information, allowing one to determine the system state, has
been transferred to the environment. Since both information transfer and de-
coherence result from the same underlying physical process of building up
correlations, a certain relation between the amount of information transfer
and the phase coherence retained in the system should be expected. The most
celebrated textbook example of such a relation is the vanishing of interference
fringes in a double-slit experiment with single particles whenever one tries to
establish through which slit the particle passes. Because of this historical rela-
tion to the interference of two spatial paths, the knowledge of the system state
is customarily referred to as “which path” (or welcher Weg) information.
The decoherence effect due to the transfer of information to the environment
appears always when a quantum system is coupled to the surrounding world.
In this paper we revisit one specific example of this effect: the decay of coherent
optical polarization in a quantum dot due to the dephasing of confined carrier
states, which we will interprete as a result of information leakage from the
carrier subsystem to its environment (phonon modes). After introducing the
system and defining its model (Sec. 2) we will derive the evolution of the
confined carriers coupled to phonons using an algebraic technique based on
Weyl operators (Sec. 3). Next, we will discuss a quantitative measure of the
distinguishability of quantum states due to the information contained in the
environment (Sec. 4). Finally, in Sec. 5, we will use the facts introduced in the
preceding sections to show that the pure dephasing effect observed as the decay
of the coherent response from an optically excited semiconductor quantum
dot (or an ensemble thereof) [4] may be interpreted as a result of which path
dephasing. We derive a quantitative complementarity relation between the
observed coherent optical response and the amount of information transferred
to the environment.
2 The system and the model
In this paper, we consider the simplest version of a time-resolved optical ex-
periment performed on a single quantum dot (for practical reasons, actual
experiments are often performed on ensambles of QDs using nonlinear tech-
niques [4]). A very short laser pulse prepares the system in a certain super-
position (dependent on the pulse phase and intensity) of the ground state (no
exciton, denoted |0〉) and the single-exciton state (denoted |1〉). By very short
we mean a pulse much shorter than the time scales of phonon dynamics, so
that the preparation of the initial state may be considered instantaneous. This
corresponds to the actual experimental situation with pulse durations of order
of 100 fs [4]. On the other hand, the pulse is long enough to assure a relatively
narrow spectrum and prevent the population of higher confined levels. Let us
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restrict (for simplicity) to the equal superposition state
|ψ0〉 = |0〉+ |1〉√
2
. (1)
In such a state, the inter-band component of the electric dipole moment has a
non-vanishing average value oscillating at an optical frequency (hence referred
to as optical polarization) which leads to the emission of coherent electromag-
netic radiation with an amplitude proportional to the oscillating dipole mo-
ment. In an unperturbed system (e.g., in an atom), the radiation would be
emitted over time of the order of the lifetime of the superposition state, i.e.,
until the system relaxes to the ground state due to radiative energy loss.
In a semiconductor structure an additional effect, related to carrier-phonon
coupling, appears on a time scale much shorter than the lifetime of the state.
Due to the interactions between confined carriers and lattice ions, the ground
state of the lattice in the presence of a charge distribution is different than
in its absence. As a result, after the creation of a confined exciton the lattice
relaxes to a new equilibrium, which is accompanied by the emission of phonon
wave packets [5,6] that form a trace in the macroscopic crystal distinguishing
the exciton state from an empty dot. As we will discuss below, this information
broadcast via emitted phonons leads to a decay of the coherence of the super-
position state although the average occupations of the system states remain
unaffected (hence the process is referred to as pure dephasing). Since coherent
dipole radiation requires well-defined phase relations between the components
of a quantum superposition, the amplitude of this radiation, measured in the
experiment, gives access to the coherence properties of the quantum state of
confined carriers itself. The dephasing of the qantum superposition is there-
fore directly translated into the decay of coherent optical radiation from the
system.
For the carrier-phonon system in a semiconductor quantum dot, a microscopic
model of the dephasing effect exists (involving the interaction with acoustic
phonons), which reproduces experimental data very well [7,8] and may serve
as a reliable starting point to describe the evolution of the combined system
of confined carriers and lattice modes.
The Hamiltonian of the system is
H = ǫ|1〉〈1|+Hph + |1〉〈1|
∑
k
(f ∗
k
bk + fkb
†
k
), (2)
where the first term describes the energy of the confined exciton (ǫ is the energy
difference between the states without phonon corrections), Hph =
∑
k ~ωkb
†
k
bk
is the Hamiltonian of the phonon subsystem and the third term describes the
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interaction. Carrier-phonon interaction constants in (2) are given by
fk = (σe − σh)
√
~k
2̺VNc
∫ ∞
−∞
d3rψ∗(r)e−ik·rψ(r), (3)
and describe the deformation potential coupling between the carriers and the
lattice modes, which is the dominating mechanism under the assumed optical
driving conditions [9]. Here ̺ is the crystal density, VN is the normalization
volume of the phonon system, ωk = ck is the frequency of the phonon mode
with the wave vector k (c is the speed of longitudinal sound), and b†
k
, bk
are phonon creation and annihilation operators. The exciton wave function
is modelled as a product of two identical single-particle wave functions ψ(re)
and ψ(rh), corresponding to the electron and hole, respectively.
In our calculations we use typical parameters for a self-assembled InAs/GaAs
structure: single particle wave functions ψ(r) modelled by Gaussians with
4 nm width in the xy plane and 1 nm along z, the deformation potential
difference σe − σh = 9.5 eV, crystal density ̺ = 5300 kg/m3, and the speed of
longitudinal sound c = 5150 m/s.
3 Phonon-induced pure dephasing of optical polarization
In this Section we describe the dephasing of a confined exciton state within the
exactly solvable model of interaction with the environment presented above.
After describing the time evolution of the system we find the degree of co-
herence remaining in the system as manifested by the amplitude of the ex-
perimentally measurable coherent dipole radiation. In this way we reproduce
the recent theoretical description [9] using a simple algebraic method which
provides the complete density matrix of the carrier subsystem, necessary for
the discussion to be presented in Sec. 5.
The carrier-phonon interaction term in Eq. (2) is linear in phonon operators
and describes a shift of the lattice equilibrium induced by the presence of a
charge distribution in the dot. The stationary state of the system corresponds
to the exciton and the surrounding coherent cloud of phonons representing
the lattice distortion to the new equilibrium. The transformation that creates
the coherent cloud is the shift wbkw
† = bk− fk/(~ωk), generated by the Weyl
operator (see Appendix)
w = exp
[∑
k
(
fk
~ωk
b†
k
− f
∗
k
~ωk
bk
)]
. (4)
A straightforward calculation shows that the Hamiltonian (2) is diagonalized
by the unitary transformation W = |0〉〈0| ⊗ I + |1〉〈1| ⊗ w, where I is the
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identity operator and the tensor product refers to the carrier subsystem (first
component) and its phonon environmnent (second component). As a result
one gets
H˜ =WHW † = E|1〉〈1|+Hph,
where E = ǫ−∑k |fk|2/(~ωk).
We assume that at the beginning (t = 0) the state of the whole system is
ρ0 = (|ψ0〉〈ψ0|)⊗ ρE, where ρE is the density matrix of the phonon subsystem
(environment) at thermal equilibrium and |ψ0〉 is the equal superposition state
(1) prepared by a properly chosen ultrashort pulse.
The evolution operator U(t) = e−iHt/~ may be written as
U(t) =W †WU(t)W †W = W †U˜(t)W = W †U˜(t)WU˜ †(t)U˜(t) = W †W (t)U˜(t),
where U˜(t) = e−iH˜t/~ and W (t) = U˜(t)WU˜ †(t). Since U˜(t) is diagonal the
explicit form of W (t) may easily be found and one gets
U(t) =
[
|0〉〈0| ⊗ I+ |1〉〈1| ⊗ w†w(t)
]
U˜(t), (5)
where w(t) = e−iHpht/~weiHpht/~.
Using the evolution operator in the form (5) the system state at a time t may
be written as
ρ(t) =
1
2
 ρE eiEt/~ρEw†(t)w
e−iEt/~w†w(t)ρE w
†w(t)ρEw
†(t)w
 , (6)
where we used the tensor product notation in which an operator A is expanded
as A =
∑
m,n |m〉〈n| ⊗ Amn with a set of operators Amn acting on the second
subsystem, and written in the matrix form with respect to the first subsystem.
The density matrix for the carrier subsystem is obtained by tracing out the
phonon degrees of freedom, i.e., ρS = TrE ρ. Hence,
ρS(t) =
1
2
 1 eiEt/~〈w†(t)w〉
e−iEt/~〈w†w(t)〉 1
 , (7)
where the average may be calculated by first using the multiplication rule for
Weyl operators [Eq. (A.3)] to combine w† and w(t) and then Eq. (A.5). The
result is
〈w†(t)w〉 = exp
−∑
k
∣∣∣∣∣ fk~ωk
∣∣∣∣∣
2
[i sinωkt + (1− cosωkt)(2nk + 1)]
 ,
where nk are bosonic equilibrium occupation numbers.
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Fig. 1. Decay of the coherent radiation from a confined exciton at various temper-
atures, as shown.
The emitted coherent dipole radiation is proportional to the non-diagonal
element of the density matrix ρs(t) and its amplitude is
P (t) = P0|〈w†(t)w〉|. (8)
In Fig. 1 we show the normalized polarization amplitude P (t)/P0 (first derived
in Ref. [9]). The interaction with the macroscopic crystal environment leads to
a reduction of coherent radiation due to pure dephasing of the exciton state,
reflected by the reduced value of the non-diagonal element of the density
matrix ρS. At t = 0 one has 〈w†(t)w〉 = 1, while at large values of t, cosωkt
oscillates very quickly as a function of k and averages to 0 (see also Ref.
[9]). Thus, for long times, the polarization amplitude tends to a temperature-
dependent finite value
P (t)→ P0 exp
−∑
k
∣∣∣∣∣ fk~ωk
∣∣∣∣∣
2
(2nk + 1)
 < P0.
This partial decay of coherence is a characteristic feature of short-time de-
phasing for carrier-phonon couplings encountered in real systems [4].
On the other hand, it is clear from the diagonal elements in Eq. (6) that the two
carrier states |0〉 and |1〉 are accompanied by different states of the phonon en-
vironment so that correlations between the two subsystems are present. These
correlations may be related to the phonon wave packets that are emitted into
the bulk of the crystal after ultrafast optical excitation [6,5]. These wave pack-
ets traveling away from the QD region carry the information about the system
state into the environment. We will see that dephasing may be quantitatively
related to the amount of these correlations, i.e., to the information on the
exciton state extracted by its phonon environment. First, however, we need a
quantitative measure for this information.
4 Distinguishability of quantum states
For completeness, in this Section we review the definition of a measure for
the quantity of which path information on a quantum state of the system
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contained in its environment [10].
Qualitatively, the definition is as follows. Let us consider a two-level system S
with the Hilbert space spanned by the states |0〉, |1〉, interacting with its envi-
ronment E. A which path measurement of the system S, e.g., a measurement
of the observable |0〉〈0|, determines the system state. Given the state of the
total system S+E, how well can we predict the outcome of this measurement
based on a previous measurement on the environment? The measure of distin-
guishability is based on the probability p of a correct guess for the best possible
choice of the measurement on the environment. If the systems are completely
uncorrelated then any measurement on the environment is of no help and the
probability of correct prediction remains equal to 1/2. If the systems are in
a maximally entangled state like |0〉|E0〉+ |1〉|E1〉 with 〈E0|E1〉 = 0 then the
result of the measurement of the environment observable |E0〉〈E0| completely
determines the state of the system S, so that p = 1. The distinguishability
measure is defined as
D = 2
(
p− 1
2
)
(9)
and changes correspondingly from 0 to 1.
In general, for a given state of the total system ρ and a result e of the en-
vironment measurement, the optimal prediction procedure [11] is the usual
statistical inference rule: one calculates the probabilities
p(i, e) = Tr [(|i〉〈i| ⊗ |e〉〈e|)ρ] (10)
of finding the system S in the state |i〉 simultaneously with the environment
in the state |e〉 associated with the measurement outcome e. Then, given the
outcome e, one opts for the state i for which this probability is larger. The
prediction is correct if the total system is indeed in this more probable state,
whichever it is. Allowing for all possible outcomes e, the total likelihood of
guessing right is equal to the probability that the system is in any of the “more
probable states”, i.e,
p =
∑
e
max [p(0, e), p(1, e)] =
1
2
∑
e
[p(0, e) + p(1, e)] +
1
2
∑
e
|p(0, e)− p(1, e)| .
The first term contains the sum of probabilities for any state and is therefore
equal to 1/2. Writing the full density matrix (for equal probabilities of the two
system states) in the form ρ = (1/2)
∑
ij |i〉〈j| ⊗ ρij , where ρ00 and ρ11 (but
neither ρ01 nor ρ10) are density matrices, and using Eq. (10) we can write
p =
1
2
+
1
4
∑
e
|〈e|ρ00 − ρ11|e〉| .
This formula gives the probability of correct prediction for a fixed measure-
ment on the environment, i.e. for a specific basis of environment eigenstates
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{|e〉}. In order to measure the amount of information inherently contained in
the environment, independently of the possibly poor choice of the measure-
ment basis, one maximizes this quantity with respect to all possible observ-
ables that can be measured, i.e. to all possible complete eigensystems {|e〉}.
To find the optimal (upper bound) value for p, we split the hermitian opera-
tor ∆ρ = ρ00 − ρ11 into a positive and negative part. Let ∆ρl and |l〉 be the
eigenvalues and the corresponding eigenstates of ∆ρ. Let L+, L− be the sets of
quantum numbers l for which ∆ρl is nonnegative and negative, respectively.
Then ∆ρ = ∆ρ(+)−∆ρ(−), with the positive operators ∆ρ(±) = ∑l∈L± ∆ρl|l〉〈l|.
Since these operators are positive, one has∣∣∣〈e|∆ρ(+)|e〉 − 〈e|∆ρ(−)|e〉∣∣∣ ≤ 〈e|∆ρ(+)|e〉+ 〈e|∆ρ(−)|e〉 = 〈e ||∆ρ|| e〉,
where |∆ρ| is the modulus of the operator ∆ρ, defined as
|∆ρ| =∑
l
|∆ρl||l〉〈l| = ∆ρ(+) +∆ρ(−).
Hence,
1
4
∑
e
|〈e|∆ρ|e〉| ≤ 1
4
Tr |∆ρ| ≡ 1
2
D(ρ00, ρ11),
where D(ρ, ρ′) is known as the trace distance [3] between the density matrices
ρ and ρ′. On the other hand, the equality is clearly attained if the eigensystem
{|e〉} coincides with the eigenstates of ∆ρ, i.e., when the observable measured
on the environment is ∆ρ itself. Thus, using the definition (9), we finally get
D = D(ρ00, ρ11). (11)
5 The complementarity relation
In this Section we derive a quantitative complementarity relation between
the degree of coherence in the quantum dot system, as manifesteed by the
amplitude of coherent radiation described in Sec. 3, and the amount of which
path information transferred to the environment, as defined in Sec. 4. This
relation is analogous to the visibility-distinguishability relation in the double-
slit setup [10,12].
For the carrier-phonon state of Eq. (6) the distinguishability of carrier states
due to the correlations with the phonon environment is, from Eq. (11),
D(t) = D(ρE , w†w(t)ρEw†(t)w).
One has, in general [3],D2(ρ, ρ′) ≤ 1−F 2(ρ, ρ′), where F (ρ, ρ′)=Tr
√
ρ1/2ρ′ρ1/2
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is the fidelity measure of the distance between the states ρ and ρ′. Hence
D2(t) ≤ 1−
[
Tr
√
ρ
1/2
E w
†w(t)ρEw†(t)wρ
1/2
E
]2
= 1−
[
Tr
∣∣∣ρ1/2E w†w(t)ρ1/2E ∣∣∣]2 .
(12)
Since Tr |A| ≥ |TrA| we may write
Tr |ρ1/2E w†w(t)ρ1/2E | ≥ |Tr(ρEw†w(t))| = |〈w†w(t)〉| = P (t)/P0, (13)
where we used Eq. (8). Combining Eqs. (12) and (13) leads to the relation[
P (t)
P0
]2
+D2(t) ≤ 1, (14)
which shows that the relative decay of polarization is related to the which
path information transfer to the environment. Note that for pure states ρE,
equality holds in Eqs. (12) and (13), so that the relation (14) also turns into
an equality.
6 Conclusion
In this paper, we have interpreted the dephasing effects observed in recent
optical experiments on semiconductor quantum dots in terms of “which path”
information transfer to the environment. Coherence properties of carriers con-
fined in a QD may be tested by detecting coherent radiation emitted from the
system as a result of optical polarization induced by optical excitation. Due to
the coupling between the system and its phonon environment, in the course of
quantum evolution lattice modes get excited, which leads to the dephasing of
the carrier state manifested by a decrease of the amplitude of this radiation.
We have derived an inequality between the remaining amplitude of emitted
radiation and the amount of information carried to the bulk of the macro-
scopic crystal by lattice excitations. From this point of view the dephasing of
optical polarization is of the same nature as the well-known disappearance of
interference fringes in a double-slit (Young) experiment due to the which path
knowledge.
The complementarity relation (14) is analogous to similar relations between
the distinguishability of paths and the visibility of interference fringes in the
double-slit setup [10,12]. In fact, an interference experiment analogous to the
double-slit experiment has been performed using optically excited states of
semiconductor quantum dots [13], where the two states (analogous to paths)
are the absence or presence of a single, optically created exciton, confined by
the binding potential of the QD. It may be shown that the visibility of inter-
ference fringes in these time-domain interference experiments is governed by
9
the same non-diagonal element of the reduced density matrix as the coherent
polarization in our discussion.
Our discussion confirms that incompatibility of the quantum behavior and
which path information is a general feature of the quantum world. We have
shown that a manifestation of this general property may be identified in an
experimental situation that is extremely different from the historical concept
of two spatial paths in a double-slit experiment.
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Appendix
A Rules for Weyl operators
Applying the Weyl operator (4) to the phonon annihilation operator bk and
expanding the result we get[14]
wbkw
† = bk + [S, bk] +
1
2
[S, [S, bk]] + . . . ,
where S=
∑
k(gkb
†
k
−g∗
k
bk), gk=fk/(~ωk). Since [S, bk]=−gk and [S, [S, bk]]=0
(as all the higher commutators), we obtain the shift effect of the Weyl operator,
wbkw
† = bk − gk.
Multiplying Weyl operators is done using the Baker-Hausdorff formula for
separating operator exponents [14]
eA+B = eAeBe−[A,B]/2, (A.1)
where A and B are some operators and [A, [A,B]] = [B, [A,B]] = 0. Some
simple algebra using Eq. (A.1) shows that the product of two Weyl operators,
wi = exp
[∑
k
(
g
(i)
k
b†
k
− g(i)∗
k
bk
)]
, (A.2)
i = 1, 2, is equal to
w1w2 = w3 exp
[
−1
2
∑
k
(
g
(1)∗
k
g
(2)
k
− g(1)
k
g
(2)∗
k
)]
, (A.3)
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where w3 is given by (A.2) with g
(3)
k
= g
(1)
k
+ g
(2)
k
.
Now it is possible to calculate the equilibrium average of a Weyl operator
(following Ref. [14]), 〈w〉 = Tr(ρEw), where ρE is the density matrix of the
phonon reservoir at thermal equilibrium. Since ρE = e
−βHph/Tr e−βHph, β =
1/(kBT ), and Hph =
∑
k ~ωkb
†
k
bk, we may write
〈w〉 =
Tr
(
e−β
∑
k
~ωkb
†
k
bke
∑
k
(gkb
†
k
−g∗
k
bk)
)
Tr(e−β
∑
k
~ωkb
†
k
bk)
,
and separate the thermal equilibrium into
〈w〉 =∏
k
〈w〉k, (A.4)
where
〈w〉k =
Tr
(
e−β~ωkb
†
k
bke(gkb
†
k
−g∗
k
bk)
)
Tr(e−β~ωkb
†
k
bk )
. (A.5)
Using Eq. (A.1) and keeping in mind that Tr(e−β~ωkb
†
k
bk) = (1− e−β~ωk)−1, we
can transform Eq. (A.5) into
〈w〉k = e 12 |gk|2(1− e−β~ωk ) Tr(e−β~ωkb
†
k
bkegkb
†
ke−g
∗
k
bk ). (A.6)
For the trace one has
Tr(e−β~ωkb
†
k
bkegkb
†
ke−g
∗
k
bk) =
∞∑
m=0
e−β~ωkm〈m|egkb†ke−g∗kbk |m〉, (A.7)
where |m〉 denotes a state with m excitations. The exponents are expanded in
a power series,
e−g
∗
k
bk |m〉 =
∞∑
l=0
(−g∗
k
)l
l!
bk|m〉. (A.8)
Since bl
k
|m〉 = [m!/(m − l)!]1/2|m − l〉 for l ≤ m and bl
k
|m〉 = 0 for l > m,
Eq. (A.8) transforms into
e−g
∗
k
bk |m〉 =
m∑
l=0
(−g∗
k
)l
l!
[
m!
(m− l)!
]1/2
|m− l〉. (A.9)
Treating the other exponent in the same manner we end up with
〈m|egkb†ke−g∗kbk |m〉 =
m∑
l=0
(−|gk|2)l
(l!)2
m!
(m− l)! , (A.10)
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that is, a Laguerre polynomial of order m, Lm(|gk|2). Using the fact that
∞∑
m=0
Lm(|gk|2)zm = (1− z)−1e|gk |2
z
z−1 ,
with a specific z = e−β~ωk [so that nk = z/(1 − z)], and inserting the result
into Eq. (A.6), and then into Eq. (A.4), we get the thermal average of the
Weyl operator in the form
〈w〉 = e− 12
∑
k
|gk|
2(2nk+1). (A.11)
References
[1] W. H. Zurek, Rev. Mod. Phys. 75, 715 (2003).
[2] E. Joos, H. D. Zeh, C. Kiefer, D. Giulini, J. Kupsch, and I.-O. Stamatescu,
Decoherence and the Appearance of a Classical World in Quantum Theory, 2
ed. (Springer, Berlin, 2003).
[3] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum
Information (Cambridge University Press, Cambridge, 2000).
[4] P. Borri, W. Langbein, S. Schneider, U. Woggon, R. L. Sellin, D. Ouyang, and
D. Bimberg, Phys. Rev. Lett. 87, 157401 (2001).
[5] L. Jacak, P. Machnikowski, J. Krasnyj, and P. Zoller, Eur. Phys. J. D 22, 319
(2003).
[6] A. Vagov, V. M. Axt, and T. Kuhn, Phys. Rev. B 66, 165312 (2002).
[7] A. Vagov, V. M. Axt, and T. Kuhn, Phys. Rev. B 67, 115338 (2003).
[8] A. Vagov, V. M. Axt, T. Kuhn, W. Langbein, P. Borri, and U. Woggon, Phys.
Rev. B 70, 201305(R) (2004).
[9] B. Krummheuer, V. M. Axt, and T. Kuhn, Phys. Rev. B 65, 195313 (2002).
[10] B.-G. Englert, Phys. Rev. Lett. 77, 2154 (1996).
[11] W. K. Wootters and W. H. Zurek, Phys. Rev. D 19, 473 (1979).
[12] G. Jaeger, A. Shimony, and L. Vaidman, Phys. Rev. A 51, 54 (1995).
[13] N. N. Bonadeo, J. Erland, D. Gammon, D. S. Katzer, D. Park, and D. G. Steel,
Science 282, 1473 (1998).
[14] G. D. Mahan, Many-Particle Physics (Kluwer, New York, 2000).
12
